3.1 Simulation Setting for Calculation of the Classifier Global Accuracies
The classifier global accuracies of C1 and C2 cannot be analytically derived. Thus,
we simulated one big sample dataset (𝑺𝛀 ) with 1,000,000 data points, including 400,000
points from C1 and 600,000 points from C2, of the two-class bivariate Gaussian
distributions. These data points were then classified by the Bayesian discriminant
functions using the population parameters shown in Table 4. With such large number of
data points, the resultant producer’s, user’s, and overall accuracies can be considered as
the classifier global accuracies, i.e., 𝒑𝒊 (𝛀, 𝛀), 𝑖 = 1, 2, and their values are shown in
Table 5.
Table 5. Classifier global accuracies of classes C1 and C2 achieved by the Bayes classifier
(2C2F case).

3.2 Simulation Setting of the Approach I
Using the parameters shown in Table 4, we generated a total of 1001 sample
datasets (𝑆 , 𝑆 , ⋯ , 𝑆

) of the bivariate Gaussian distributions for C1 and C2,

respectively. Considering the a priori probabilities of the two land-cover classes, each
sample dataset consists of 200 data points, including 80 points from C1 and 120 points
from C2, and each data point represents a vector of (𝑥 , 𝑥 ) belonging to either C1 or C2.
A conceptual illustration of the two-class bivariate distributions and their simulated
sample datasets is shown in Figure 1 and detailed procedures for simulation, classification
and evaluation of the Approach I are described as follows.

3.3 Simulation Setting of the Approach II
Similar to the Approach I, a sample dataset is composed of 80 data points from
C1 and 120 data points from C2. Different numbers (𝑚 = 20, 30, 40, 60, 80, 100, 150,
300, 400, 500) of sample datasets were generated in order for evaluating the statistical

Figure 1. Conceptual illustration of a two-class bivariate Gaussian distribution and
simulated sample datasets. Each sample dataset consists of 80 data points from C1 and
120 data points from C2.

behavior of training-sample classification accuracies, i.e., Equation 11. The procedures
of simulation and evaluation are described below.

3.4 Simulation Setting of the Approach III
In this approach, the objective is to demonstrate that a 95% confidence interval of
the classifier global accuracy can be established by using bootstrap samples. We
generated a large number (1000) of training datasets from the two-class bivariate
Gaussian distribution. Then, for each training dataset, 1000 sets of bootstrap samples
were generated and used to establish a confidence interval of the classifier global
accuracy. Finally, we evaluated the proportion of these confidence intervals covering the
classifier global accuracy. Details of the simulation are described as follows.

Readers are referred to Hsiao and Cheng (2016) for detailed procedures and a
schematic illustration of the application of bootstrap resampling technique to remote
sensing LULC classification.

4. Results and Discussion
The three evaluation approaches and the asymptotic properties of the referencesample, training-sample, and bootstrap-sample accuracies described in Section 2 were
validated using the results of simulated LULC classifications. For the convenience of
explanation, abbreviations PA, UA and OA represent the producer’s, user’s, and overall
accuracies, respectively. A number affixed to PA and UA indicates the Land-cover class.
For example, PA1 represents the producer’s accuracy of C1.

4.1 Evaluation of the reference-sample accuracy
Given a set of training sample, i.e. one simulation run of the Approach I, 1000
sets of reference samples were classified using the class-specific discriminant functions
established by the given training sample. Figure 2 presents histograms of different
reference-sample classification accuracies (including PA1, PA2, UA1, UA2, and OA) for
one set of training sample. It shows that reference-sample classification accuracies can
vary in a relatively wide range. For example, the reference-sample producer’s accuracy
of C1 varies between 0.8 and 1.0 and the reference-sample overall accuracy varies
between 0.86 and 0.98. Thus, the conventional way of evaluating the LULC classification
results by using only one set of reference sample is subject to large reference-sample
uncertainty. Figure 2 also reveals that the mean of 1000 reference-sample accuracies
(marked by the black dashed line) is nearly the same as the global accuracy achieved by
the training sample (marked by the blue line), whereas it differs with the classifier global
accuracy (marked by the red line).
In our simulation, 1000 sets of training samples were generated. Each of these
training samples corresponds to one set of training-sample-based global accuracies and
1000 sets of reference-sample accuracies. Figure 3 illustrates comparison of the mean
reference-sample accuracy, training-sample-based global accuracy, and classifier global
accuracy for 100 sets of training samples (the 501 to 600 runs). Regardless of the training
datasets, the mean reference-sample accuracy (red dashed line) is always nearly the same
as the training-sample-based global accuracy (blue line). However, their values generally
do not fall near the classifier global accuracy (dark green line). Such results suffice to
invalidate using only one set of reference sample for evaluation of the LULC
classification results.

Figure 2. Histograms of different reference-sample accuracies (based on 1,000 sets of
reference samples) with respect to a given training sample.

Figure 3. Comparison of the mean reference-sample accuracy, training-sample-based
global accuracy, and classifier global accuracy. Each run corresponds to one set of
training sample and 1,000 sets of reference samples.

4.2 Evaluation of the training-sample accuracy
Figure 4 depicts the theoretical and training-sample-dependent decision
boundaries as well as the isoprobability contours of the bivariate Gaussian distribution of
C1 and C2. Uncertainty in decision boundaries due to training data uncertainty can be
observed. Given the parameters shown in Table 4, there exists a unique set of theoretical
decision boundaries of the Bayes classifier (see Fig. 4(d)). However, in practice of LULC
classification, parameters of the two-class bivariate Gaussian distribution are unknown
and can only be estimated from the training sample. Thus, the decision boundaries and
classification accuracies vary with training samples, as demonstrated in Figure 4 (a)-(c).
Figure 5 shows histograms of different training-sample accuracies (PA1, PA2, UA1,
UA2, and OA) based on 100 sets of training samples. These training-sample accuracies
mostly vary between 0.8 and 1.0, signifying the effect of training data uncertainty.
We further investigated the asymptotic behavior of the mean training-sample
classification accuracies. As the number of training datasets increases, the mean of
training-sample accuracy approaches to the classifier global accuracy, as shown in Figure
6. It demonstrates that the training-sample accuracy is an unbiased estimator of the
classifier global accuracy. By contrast, the mean reference-sample accuracy approaches
to the training-sample-based global accuracy, but not the classifier global accuracy (see
Figure 3).

4.3 Evaluation of bootstrap-sample accuracy
We generated 1,000 sets of training samples from the two-class bivariate Gaussian
distribution. Then, for each training sample set, 1,000 bootstrap samples were generated
and used to establish the 95% confidence intervals of different accuracy measures. We
then evaluated the proportions of these confidence intervals covering the classifier global
accuracies. Figure 7 demonstrates the 95% bootstrap confidence intervals and the mean

bootstrap-sample accuracies for 100 (301 – 400) sets of training samples. For every
training sample set, the mean of 1000 bootstrap-sample accuracies falls very close to the
training-sample accuracy. The classifier-global-accuracy covering rates were 0.977,
0.945, 0.947, 0.977, and 0.953 for PA1, PA2, UA1, UA2, and OA, respectively. These
covering rates are slightly higher than (for PA1 and UA2) or nearly equal to 0.95 (for
PA2, UA1, and OA), indicating the practical applicability of the bootstrap confidence
interval proposed in this study.

Figure 4. (a) – (c) Training samples and training-sample dependent decision boundaries.
(d) Theoretical decision boundary and isoprobability contours of the bivariate Gaussian
distribution of C1 and C2. Blue and red parabolic curves represent the training-sampledependent and theoretical decision boundaries, respectively. N1: number of training data
points of C1; N2: number of training data points of C2.

Figure 5. Histograms of different training-sample accuracies based on 100 sets of training
samples. The red vertical lines mark the classifier global accuracies.

Figure 6. Asymptotic behavior of the mean training-sample classification accuracies.
The mean training-sample accuracies were calculated based on 20, 30, 40, 60, 80, 100,
150, 300, 400, and 500 sets of training samples. Each training sample set is composed
of 80 and 120 data points from C1 and C2, respectively.

Figure 7. Illustration of 95% bootstrap confidence intervals of different accuracy
measures (2C2F case).
We also investigated how the number of bootstrap samples (M in section 3.4)
affects the classifier-global-accuracy covering rates of the 95% bootstrap confidence
interval. Table 6 shows that covering rates of all accuracy measures become more
stabilized for 100 or more bootstrap samples. Thus, we recommend using at least 100
bootstrap samples to construct the 95% bootstrap confidence intervals of different
classifier global accuracies.

Table 6. Classifier-global-accuracy covering rates of 95% bootstrap-sample confidence
intervals with respect to different number of bootstrap samples.

4.4 Further validation of the bootstrap confidence interval using a four-class
three-feature case
In order to demonstrate the capability of the proposed bootstrap-sample-based
evaluation approach for more complicated applications of LULC classification, we
conducted similar stochastic simulation for a 4-class, 3-feature (4C3F) LULC
classification case. We assume the three classification features of individual land-cover
classes form a trivariate Gaussian distribution. The mean vector, covariance matrix of
classification features of individual land-cover classes are listed in Table 7. These
parameters were selected based on the properties of different land-cover types (grass,
built, woods, soil) in a previous study (Fan, 2016). The a priori probabilities of
individual land-cover classes (Class 1 through 4) are 0.2, 0.4, 0.25 and 0.15,
respectively. Figure 8 shows the scattering of 1,000,000 sample points (Fig. 8a) and 400
sample points (Fig. 8b) in the three-dimensional feature space. The numbers of sample
points of individual LULC classes are consistent with their a priori probabilities. The
sample dataset of 1,000,000 points was used for an accurate estimation of the classifier
global accuracies. We also generated 1,000 sample datasets, each of sample size 400.

These sample datasets were then used as the training datasets. For each training dataset,
1,000 sets of bootstrap samples were generated. Following the same procedures
described in Section 3.4, we then calculated the mean bootstrap-sample accuracies and
established 1,000 sets of 95% bootstrap confidence intervals.
Table 7. Parameters of the trivariate Gaussian distribution of a 4-class, 3-feature case.

Figure 8. Scatter plot of sample points of individual land-cover classes. (a)
Approximation of the populations with a total of 1,000,000 sample points. (b) Scattering
of 400 training data points. Sample points of class 1 through 4 are shown in gold, darkred, dark-green and blue colors, respectively.
Table 8. Classifier global accuracies of individual classes achieved by the Bayes
classifier (4C3F case).

Figure 9. Illustration of 95% bootstrap confidence intervals of different accuracy
measures (4C3F case).

The classifier global accuracies (including producer’s, user’s and overall
accuracies) obtained by using 1,000,000 sample points are shown in Table 8. The 95%
bootstrap confidence intervals of the classifier global accuracy and the mean bootstrapsample accuracies for 100 (301 – 400) sets of training samples for the 4-class 3-feature
case are shown in Figure 9. For every training dataset, the mean of 1,000 bootstrapsample accuracies falls very close to the training-sample accuracy. The covering rates of
classifier-global-accuracy were 0.96, 0.976, 0.949, 0.955, 0.958, 0.955, 0.963, 0.958 and
0.936 for PA1 to PA4, UA1 to UA4, and OA, respectively. These results demonstrate that
the bootstrap-sample-based evaluation approach and the 95% bootstrap confidence
intervals of different measures of classification accuracy can be generally applied.

