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Abstract Goodness-of-fit tests based on the L-momentratio diagram for selection of appropriate distributions for
hydrological variables have had many applications in recent
years. For such applications, sample-size-dependent acceptance regions need to be established in order to take into
account the uncertainties induced by sample L-skewness and
L-kurtosis. Acceptance regions of two-parameter distributions such as the normal and Gumbel distributions have been
developed. However, many hydrological variables are better
characterized by three-parameter distributions such as the
Pearson type III and generalized extreme value distributions.
Establishing acceptance regions for these three-parameter
distributions is more complicated since their L-momentratio diagrams plot as curves, instead of unique points for
two-parameter distributions. Through stochastic simulation
we established sample-size-dependent 95% acceptance
regions for the Pearson type III distribution. The proposed
approach involves two key elements—the conditional distribution of population L-skewness given a sample L-skewness and the conditional distribution of sample L-kurtosis
given a sample L-skewness. The established 95% acceptance
regions of the Pearson type III distribution were further
validated through two types of validity check, and were
found to be applicable for goodness-of-fit tests for random
samples of any sample size between 20 and 300 and coefficient of skewness not exceeding 3.0.
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1 Introduction
Hydrological frequency analysis requires identifying adequate types of distribution for collected random samples.
This is commonly done by conducting goodness-of-fit (GOF)
tests. Traditionally the chi-square test and the Kolmogorov–
Smirnov test are often used for selection of probability distributions for hydrological variables (Haan 2002). The
probability plot correlation coefficient (PPCC) test and the
modified Anderson–Darling (AD) test can also be used for
GOF test (Shin et al. 2011). Another method of goodness-offit test is the method based on ordinary moment-ratio diagrams (D’Agostino and Stephens 1986). Moment ratios are
unique properties of probability distributions and sample
moment ratios of ordinary skewness and kurtosis have been
used for selection of probability distribution (Kottegoda
1980; McMahon and Srikanthan 1981; D’Agostino and
Stephens 1986). Nevertheless, Tsukatani and Shigemitsu
(1980) indicated that ordinary moment-ratio diagrams are not
always appropriate because estimation of the fourth moment
lacks sufficient accuracy. Thus, they proposed using a combination of variance coefficient and skewness coefficient (see
Tsukatani and Shigemitsu (1980) for definitions) which can
be derived using the first three moments of the data for GOF
test of different types of Pearson distribution. Hosking and
Wallis (1997) demonstrated that the L-skewness and L-kurtosis are much less biased than the ordinary skewness and
kurtosis. As a result, the skewness and kurtosis L-momentratio diagram (LMRD) has been suggested and used as a
useful tool for discrimination between candidate distributions (Hosking 1990; Hosking and Wallis 1993; Vogel and
Fennesset 1993; Hosking and Wallis 1997; Meshgi and
Khalili 2009; Yang et al. 2010). L-moments have also been
used for hydrological frequency analysis (Stedinger and Lu
1995; Yang et al. 2010; Haddad et al. 2011).

123

Author's personal copy
874

Stoch Environ Res Risk Assess (2012) 26:873–885

Fig. 1 L-moment-ratio diagram of the normal, Gumbel, generalized
extreme value (GEV), and Pearson type III (PT3) distributions
(adapted from Liou et al. 2008)

L-moment-ratio diagrams of different probability distributions have been derived by Hosking and Wallis
(1997). As shown in Fig. 1, a two-parameter distribution
with a location and a scale parameter (such as the normal
or Gumbel distribution) plots as a single point on the
LMRD, whereas a three-parameter distribution (such as the
Pearson type III (PE3) distribution or the generalized
extreme value (GEV) distribution) with location, scale and
shape parameters plots as a curve on the LMRD. However,
these theoretical points or curves of various probability
distributions on the LMRD are somewhat limited in practical applications since they cannot accommodate for
uncertainties induced by parameter estimation using random samples. Önöz and Bayazit (1995) and Ben-Zvi and
Azmon (1997) concluded that L-moment-ratio diagrams do
not help in discriminating between different candidate
distributions. We argue that such conclusions were the
results of failing to consider the sample-size-dependent
uncertainties in parameter estimation.
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Fig. 2 95% acceptance regions
of L-moments based GOF test
for the normal and Gumbel
distributions. Acceptance
ellipses correspond to various
sample sizes n = 20, 30, 40, 50,
60, 75, 100, 150, 250, 500, and
1,000 (adapted from Liou et al.
2008)

To circumvent the above problem, Liou et al. (2008)
established sample-size-dependent acceptance regions for
L-moments based GOF tests for the normal and Gumbel
distributions using stochastic simulation. As illustrated in
Fig. 2, the acceptance regions are characterized by a set of
acceptance ellipses which corresponds to various sample
sizes. Empirical formulas were also developed to determine
the acceptance regions for any sample size within the [20,
1000] range. While acceptance regions of the normal and
Gumbel distributions may be useful for many applications,
hydrological frequency analysis often encounters variables
which are better characterized by three-parameter distributions with location, scale and shape parameters. For
example, the U.S. Water Resources Council recommended
using the log Pearson type III (LPE3) distribution for flood
flow frequency analysis (US-WRC 1981). In Taiwan the
Log-Pearson type III distribution (LPE3) was also suggested for rainfall frequency analysis (TW-WRA 2000).
Flood flow in Northern Tunisia was shown to be best represented by the GEV distribution (Abida and Elouze 2007).
To our knowledge, acceptance regions for L-moments
based GOF tests for three-parameter distributions such as
PE3 and GEV have not been established.
Establishing LMRD acceptance regions for threeparameter distributions is more complicated than that for
normal and Gumbel distributions. For a two-parameter
distribution with a location and a scale parameter, there
exists a unique point characterizing its LMRD. Whereas for
a three-parameter distribution with location, scale and
shape parameters, the LMRD plots as a curve and each
point on the curve represents a valid parameter vector.
Following the same concept of establishing acceptance
region for the normal distribution, it appears that the
acceptance region for L-moments based GOF test of a
three-parameter distribution will vary with sample size and
the L-skewness. Thus, the objectives of this study are: (1)
to demonstrate how the acceptance region of L-moments
based GOF test of a three-parameter distribution can be

0.1

0.3

0.1

-0.1
-0.1

-0.3
-0.2

0

0.2

Samle L-skewness

123

0.4

-0.3

-0.2

0

0.2

0.4

Samle L-skewness

0.6

Author's personal copy
Stoch Environ Res Risk Assess (2012) 26:873–885

875

established, and (2) to investigate the effect of sample size
on the acceptance region using stochastic simulation. The
PE3 distribution is chosen to exemplify the proposed
method.
This paper is organized as follows. Section ‘L-moments
and the L-moment ratio diagram of the PE3 distribution’
defines the L-moment-ratios, their probability-weightedmoment estimators, and the L-moment-ratio diagram of the
PE3 distribution. Section ‘Stochastic simulation of the
Pearson type III distribution’ describes details of random
sample generation for the PE3 distribution using stochastic
simulation. Detailed discussions on the biasedness of the
sample L-skewness and L-kurtosis are also given. Section
‘Establishing acceptance regions for GOF test of the PE3
distribution’ explains the rationale for establishing the
acceptance regions and gives a detailed account on how the
95% acceptance regions of GOF tests based on L-momentratios of the PE3 distribution can be established. Section
‘Validation of the LMRD acceptance regions’ describes the
procedures and results of two types of validity check of the
sample-size-dependent 95% acceptance regions. An illustrative example is also given to demonstrate utilization of
the sample-size-dependent acceptance regions for GOF
test.

have been given by Hosking (1990) and can be expressed
by the following polynomial approximations:
s4 ¼

8
X

Ak sk3

ð6Þ

k¼0

For the PE3 distribution, A0 = 0.1224, A2 = 0.30115,
A4 = 0.95812, A6 = -0.57488, and A8 = 0.19383. All
other Ai values are zero.
L-moment ratios can be estimated from random samples
using the probability-weighted-moment estimator or the
plotting-position estimator (Hosking and Wallis 1997; Liou
et al. 2008). In general, the probability-weighted-moment
estimators are preferred over the plotting-position estimators since they have generally lower bias (Hosking and
Wallis 1997). In this study only the probability-weightedmoment estimators were calculated and used for construction of acceptance regions of LMRD.
Given a random sample {x1, x2, …, xn}, an unbiased
estimator of the probability weighted moment br is given
by
n
1 X
ðj  1Þðj  2Þ    ðj  rÞ
xj:n
ð7Þ
br ¼
n j¼rþ1 ðn  1Þðn  2Þ    ðn  rÞ
The sample L-moments (‘r) and sample L-moment ratios
(tr) can then be calculated by

2 L-moments and the L-moment ratio diagram
of the PE3 distribution

‘ 1 ¼ b0

ð8Þ

‘2 ¼ 2b1  b0

ð9Þ

Since its first introduction by Hosking (1990), applications
of L-moments in the field of hydrology have been ever
increasing. L-moments are defined as linear combinations
of expected values of order statistics of a random variable.
In terms of linear combination of order statistics, the first
four L-moments (kr, r = 1, 2, 3, 4) can be expressed by

‘3 ¼ 6b2  6b1 þ b0

ð10Þ

‘4 ¼ 20b3  30b2 þ 12b1  b0

ð11Þ

tr ¼ ‘r =‘2

ð12Þ

k1 ¼ EðX1:1 Þ
1
k2 ¼ EðX2:2  X1:2 Þ
2
1
k3 ¼ EðX3:3  2X2:3 þ X1:3 Þ
3
1
k4 ¼ EðX4:4  3X3:4 þ 3X2:4  X1:4 Þ
4

ð1Þ
ð2Þ
ð3Þ
ð4Þ

where Xk:n is the k-th order statistic from a random sample
of size n. Similar to the ordinary moment ratios, the
L-moment ratios are defined by
sr ¼

kr
; r ¼ 3; 4; . . .
k2

ð5Þ

Explicit expressions for the relationships between
L-skewness (s3) and L-kurtosis (s4), i.e. the L-moment
ratio diagram, for commonly used probability distributions

3 Stochastic simulation of the Pearson type III
distribution
In this study we chose the standard PE3 distribution (zero
mean and unit standard deviation) to exemplify the proposed approach for construction of acceptance regions for
GOF tests of a three-parameter distribution based on the
L-moment ratio diagram. Probability density function of
the PE3 distribution is expressed as
1 x  eb1 ðxe
f ðxÞ ¼
ð13Þ
e a Þ ; e  x\ þ 1
aCðbÞ
a
where a, b, and e are respectively the scale, shape, and
location parameters. These parameters are related to the
expected value (l), standard deviation (r), and coefficient
of skewness (c) of the distribution through the following
equations:
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a ¼ r=

pﬃﬃﬃ
b

b ¼ 4=c2
pﬃﬃﬃ
e¼lr b

ð14Þ

Table 1 Coefficients of the rational-function approximations of
L-skewness and L-kurtosis of the Pearson type III distribution

ð15Þ

A0 = 3.2573501 9 10-1

C0 = 1.2260172 9 10-1

-1

C1 = 5.3730130 9 10-2

-2

C2 = 4.3384378 9 10-2

ð16Þ

A1 = 1.6869150 9 10
A2 = 7.8327243 9 10

For the PE3 distribution, rational-function approximations can be used to express L-moment-ratios s3 and
s4 as functions of the shape factor b (Hosking and Wallis,
1997). If b C 1 (or equivalently c B 2),
s3  b1=2
s4 

1

2

3

A0 þ A 1 b þ A 2 b þ A 3 b
1 þ B1 b1 þ B2 b2

C0 þ C1 b1 þ C2 b2 þ C3 b3
;
1 þ D1 b1 þ D2 b2

ð17Þ
ð18Þ

-3

A3 = -2.9120539 9 10

C3 = 1.1101277 9 10-2

B1 = 4.6697102 9 10-1

D1 = 1.8324466 9 10-1

-1

B2 = 2.4255406 9 10

D2 = 2.0166036 9 10-1

E1 = 2.3807576

G1 = 2.1235833

E2 = 1.5931792

G2 = 4.1670213

E3 = 1.1618371 9 10-1

G3 = 3.1925299

F1 = 5.1533299

H1 = 9.0551443

F2 = 7.1425260
F3 = 1.9745056

H2 = 2.6649995 9 101
H3 = 2.6193668 9 101

if b \ 1 (or equivalently c [ 2),
s3 

1 þ E1 b þ E2 b2 þ E3 b3
1 þ F1 b þ F2 b2 þ F3 b3

ð19Þ

s4 

1 þ G1 b þ G2 b2 þ G3 b3
:
1 þ H1 b þ H2 b2 þ H3 b3

ð20Þ

Coefficients of the above equations are shown in
Table 1. Among the three distribution parameters only
the shape factor b affects L-moment ratios s3 and s4. From
Eq. 15 we see that the shape factor is totally dependent on
the coefficient of skewness c which in turn uniquely
determines the L-skewness s3. Since our objective is to
establish acceptance regions for (s3, s4), stochastic
simulation of the PE3 distribution was conducted by
setting l = 0, r = 1, and s3 varying from 0.01 to 0.75 at
an increment of 0.01 and an additional case of
s3 = 0.0001, making a total of 76 parameter settings.
Such parameter settings cover a wide range of coefficient
of skewness c (0.000614 B c B 5.629895). For each case
of parameter setting (l = 0, r = 1, c), it corresponds to a
specific combination of the scale, shape, and location
parameters (a = c/2, b = 4/c2, e = -2/c) from which
random samples of the PE3 distribution were generated.
In order to assess the effect of sample size on acceptance
regions, for each case of the 76 parameter settings, 100,000
random samples were generated with respect to each of the
19 sample sizes n = 20, 22, 24, 26, 28, 30, 32, 34, 36, 38, 40,
50, 60, 80, 100, 150, 200, 250 and 300. Such simulations
resulted in a total of 1444 (19 9 76) sets of (n,s3) combination, each having 100,000 random samples. For every
(n,s3) combination, sample L-skewness (t3) and L-kurtosis
(t4) were calculated for each of the 100,000 samples, using
the probability-weighted-moment estimator (Eq. 12). Figures 3 and 4 respectively demonstrate scattering of sample
L-skewness and L-kurtosis, with sample size n = 20 and
100, using random samples of the standard PE3 distributions
of various L-skewness. Also shown in Figs. 3 and 4 are the
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95% equiprobable density contours of (t3, t4), assuming t3
and t4 form a bivariate normal distribution. For smaller
L-skewness (for example, s3 B 0.1 for sample size n = 20),
scattering of (t3, t4) approximates a bivariate normal distribution. As the L-skewness s3 increases, approximation by the
bivariate normal distribution becomes less satisfactory. In
particular, for n = 20 and s3 = 0.7, the 95% equiprobable
density contour even covers an area with no (t3, t4) points.
For each case of (n,s3) combination, means of the
100,000 sample estimates of L-skewness and L-kurtosis,
^ðt3 Þ and l
^ðt4 Þ; were calcurespectively represented by l
lated (see Table 2). For a specific L-skewness, biases of t3
and t4 decrease with increasing sample size, as shown in
Fig. 5. From simulated random samples, we found that
biases of t3 and t4 are dependent on both the sample size n
and L-skewness s3 (or equivalently coefficient of skewness
c) and can be respectively approximated by
^ðt3 Þ  s3 ¼
t3;bias ðs3 ; nÞ ¼ Eðt3 Þ  s3  l

b3 ðs3 Þ
;
n

b3 ðs3 Þ ¼ 1:1547s3 þ 1:5904s23  0:4404s33 ;

ð21aÞ
ð21bÞ

and
^ðt4 Þ  s4 ¼
t4;bias ðs3 ; nÞ ¼ Eðt4 Þ  s4  l

b4 ðs3 Þ
;
n

b4 ðs3 Þ ¼ 0:032  0:0517s3  1:566s23 þ 1:3793s33 :

ð22aÞ
ð22bÞ

The regression coefficients b3(s3) and b4(s3) depend only
on the L-skewness s3 (see Fig. 6) and Eqs. 21a–22b can be
used for calculating biases of t3 and t4 for 20 B n B 300
and 0 \ s3 B 0.5 (or coefficient of skewness c not
exceeding 3.0). It is noteworthy that, for the PE3
distribution, t3 is a negatively biased estimator of s3 for
0 \ c B 3. In other words, t3 tends to underestimate s3
although the bias is generally negligible. In contrast, t4 is
positively biased for smaller skewness (c \ 0.9) and
negatively biased for 0.9 \ c B 3.
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Fig. 3 Scatter plot of sample (t3, t4) pairs with respect to various
L-skewness. Each plot is constructed based on 100,000 PE3 random
samples of size n = 20. The ellipses represent 95% equiprobable

density contour of (t3, t4), assuming t3 and t4 form a bivariate normal
distribution. Red dots mark the theoretical value of (s3,s4) of the PE3
distribution

4 Establishing acceptance regions for GOF test
of the PE3 distribution

approximated by a bivariate normal distribution, it will be
necessary to establish different set of ellipses for different
points of (s3, s4) on the LMRD curve, as illustrated in
Fig. 7. As a result, for a given sample pair of L-moment
ratios (t3, t4), one will need to identify an ellipse in order to
conduct the GOF test. Unfortunately, unlike in the case of
normal distribution for which s3 = 0 and s4 = 0.1226, the
population L-moment- ratios (s3, s4) for the given sample
pair (t3, t4) is never known, and thus the (s3, s4)-specific
acceptance ellipses approach cannot be adopted for GOF
test of the PE3 distribution.
The above argument indicates that, in conducting an
L-moment-ratios based GOF test for a three-parameter

4.1 Rationale for establishment of acceptance regions
For the normal distribution, acceptance regions for the
L-moment-ratio based GOF tests can be expressed by a set
of unique ellipses which almost centered on the theoretical
point of (s3 = 0, s4 = 0.1226) and are dependent only on
the sample size (Liou et al. 2008). However, LMRD of the
three-parameter PE3 distribution plots as a curve and every
point on the curve characterizes a specific set of distribution parameter. Even if the scattering of (t3, t4) can be well
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Fig. 4 Scatter plot of sample (t3, t4) pairs with respect to various
L-skewness. Each plot is constructed based on 100,000 PE3 random
samples of size n = 100. The ellipses represent 95% equiprobable

density contour of (t3, t4), assuming t3 and t4 form a bivariate normal
distribution. Red dots mark the theoretical value of (s3,s4) of the PE3
distribution

distribution such as PE3 or GEV, one needs to consider
all possible points in the parameter space which may give
rise to random samples with a certain sample pair of
L-moment-ratios (t3, t4). As illustrated in Fig. 8, a sample


pair of L-moment-ratios ðt3 ¼ t3 ; t4 ¼ t4 Þ may originate
from PE3 distributions with s3 varying mostly between a
and b (or the corresponding range for the coefficient of
skewness c). Such PE3 distributions can be identified by

considering the conditional density of s3 given t3 ¼ t3 , i.e.

f ðs3 jt3 ¼ t3 Þ as shown in Fig. 8. Additionally, PE3 ran
dom samples with sample L-skewness t3 ¼ t3 are associated with a range of sample L-kurtosis which can be

characterized by the conditional density of t4 given t3 ¼ t3 ,

i.e. gðt4 jt3 ¼ t3 Þ.
Given a random sample of size n, the practice of GOF
test for a probability distribution with level of significance
a will result in a 100a% chance of rejecting the null
hypothesis, if the random sample is indeed from that distribution. Thus, given a large number of PE3 random

samples of size n with sample L-skewness t3 ¼ t3 ; the
100(1 - a)% acceptance region of the L-moment-ratios
based GOF test can be determined from the conditional

density gðt4 jt3 ¼ t3 Þ and it should result in a nearly 100 a%
rejection rate. Hereafter, the acceptance region for random
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Table 2 Sample means of t3
and t4 of standard Pearson type
III distributions with respect to
different L-skewness

Sample size, n

879

^ðt3 Þ
l

^ðt4 Þ
l

s3 = 0.1
c = 0.6112

s3 = 0.3
c = 1.8008

s3 = 0.5
c = 3.0795

s3 = 0.1
c = 0.6112

s3 = 0.3
c = 1.8008

s3 = 0.5
c = 3.0795

20

0.094852

0.288916

0.487787

0.126427

0.152162

0.238748

30

0.096577

0.293064

0.492379

0.126125

0.153978

0.242378

40

0.097350

0.294538

0.494347

0.126074

0.153961

0.244484

50

0.097983

0.295516

0.495230

0.125765

0.154623

0.245135

60

0.098613

0.296231

0.496107

0.125988

0.154963

0.245898

80

0.098682

0.297449

0.497591

0.125701

0.155609

0.247437

100
150

0.099196
0.099312

0.298028
0.298661

0.497422
0.498696

0.125725
0.125823

0.155831
0.156093

0.247245
0.248361

200

0.099492

0.299018

0.498949

0.125657

0.156238

0.248574

250

0.099647

0.299245

0.498986

0.125664

0.156218

0.248452

300

0.099673

0.299252

0.499367

0.125670

0.156254

0.248980

Fig. 5 Biases of sample L-skewness and L-kurtosis of the Pearson type III distribution. See Fig. 6 for b3(s3) and b4(s3). Lines in the above figures
correspond to (from top to bottom) s3 = 0.0001, 0.05, 0.1, 0.2, 0.3, 0.4, and 0.5, respectively

Fig. 6 Dependence of b3 and b4 on L-skewness s3

samples of a specific sample L-skewness (for example,

t3 ¼ t3 ) is referred to as the t3-specific acceptance region.
The same procedure can then be repeated for a range of t3
values, and finally an acceptance band with respect to the
sample size n can be constructed by fitting a set of upper

Fig. 7 Conceptual illustration of the 95% acceptance ellipses of three
ðiÞ ðiÞ
points (s3 ; s4 ; i ¼ 1; 2; 3) on the LMRD of PE3 distribution. The
point (t3, t4) represents a sample pair of L-moment-ratios
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t4
Upper bound of the 95% acceptance
region of t4 given t3

= t3° .

Conditional distribution of
95%

t4 given t3 = t3° .

(t3° , t4° )
f (τ 3 | t3 = t3° )

Lower bound of the 95% acceptance
region of t4 given t3

= t3° .

a

b

t3 or τ3

Fig. 8 Conceptual illustration of the 95% acceptance region for PE3

random samples having sample L-skewness t3 ¼ t3

and lower bound curves to 100(1 - a)% upper bounds and
lower bounds of the t3-specific acceptance regions.
4.2 Conditional density of s3 given t3
As has been described in the previous section, the t3-specific acceptance region can be determined from the conditional density of t4 given t3, i.e. g(t4|t3). To achieve a

good estimation of gðt4 jt3 ¼ t3 Þ, we need to ensure having
a large set of random samples with sample L-skewness

t3 ¼ t3 that originated from PE3 distributions. While it is
impossible to generate random samples from all PE3 distributions, we could at least settle for a range of s3 values
which accounts for a very large portion of PE3 samples

having t3 ¼ t3 . This is achieved by investigating the conditional density of s3 given t3, i.e. f(s3|t3), using simulated
random samples of various sample size n and L-skewness
(0.0001 B s3 B 0.75) through the following procedures.
For a specific sample size (say n = 20), our simulation
of PE3 random samples with various L-skewness results in
a huge data set of (t3, t4) sample pairs which form the data

cloud shown in Fig. 9. For a specific sample L-skewness t3 ;
all simulated samples with sample L-skewness falling

within a small range ðt3  D; t3 þ DÞ were collected
(D = 0.005 in our study). Each simulated sample within
this range corresponds to a PE3 population with certain
population L-skewness s3. Thus a relative histogram of s3
can be constructed and is considered as an estimate of the
condition density of s3 given t3 ¼ t3 , i.e. f ðs3 jt3 ¼ t3 Þ: The
same procedures were applied to simulated random samples of different sample size n and different t3 values,
yielding estimate of f(s3|t3) for various sample L-skewness t3.

123

Fig. 9 Data cloud of (t3, t4) using simulated PE3 random samples
with sample size n = 20 and various coefficients of skewness.
Relative histogram of s3 corresponding to all random samples with
jt3  t3 j  0:005 is also shown in the figure

Through GOF test we found that the conditional densities f(s3|t3) are normally distributed with expected value
very close to t3 and standard deviation ðrs3 Þ decreasing
with increasing sample size. The standard deviation seems
to be dependent only on the sample size, and, as demonstrated in Fig. 10, for larger sample size (n C 36) the
dependency approaches
0:5
rs3 ðnÞ ¼ pﬃﬃﬃ :
ð23Þ
n
Equation 23 indicates that 95% of PE3 samples with a
specific sample L-skewness t3 come from PE3 distributions
with population parameter s3 falling within the range of
ðt3  1:96rs3 ðnÞ; t3 þ 1:96rs3 ðnÞÞ: Such result is important

Fig. 10 Standard deviation of the conditional density f(s3|t)
expressed as a function of sample size n
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in that it affects the upper limit for establishing t3-specific
acceptance regions using our simulated data. For example,
at sample size n = 20, rs3 equals 0.1118 and 95% of PE3
samples with a specific t3 come from PE3 distributions
with s3 falling within the range of (t3 - 0.2191,
t3 ? 0.2191). Since our random samples were simulated
for s3 not exceeding 0.75 (or equivalently c B 5.63), the
upper limit of the t3-specific acceptance region for sample
size n = 20 is t3 = 0.5308 (0.75–0.2191) which is
approximately equivalent to c = 3.3. If establishment of
t3-specific acceptance region is desired for t3 values higher
than 0.5308, it will be necessary to generate random
samples of PE3 distributions with coefficient of skewness c
higher than 5.63 (or L-skewness s3 higher than 0.75). In the
following analyses we chose to adopt t3 = 0.5 (or
c = 3.08) as the upper limit for the t3-specific acceptance
region. We believe such a range is suitable for most
practical analyses.
4.3 Determining acceptance regions
The conditional density g(t4|t3) is the basis for determining
the t3-specific acceptance region. Given a specific sample

L-skewness t3 ; all simulated samples with sample L-skew
ness falling within the ðt3  D; t3 þ DÞ range were
collected and their corresponding sample kurtosis were

considered as a random sample of gðt4 jt3 Þ: The a/2 and
1 - (a/2) quantiles of this random sample were then
extracted from its empirical cumulative distribution function, and they respectively represent the lower and upper
bounds of the 100(1 - a)% acceptance region with respect

to the given sample L-skewness t3 : The acceptance regions
determined in this manner not only depend on t3 but also
sample size n. Figure 11 demonstrates the 95% acceptance
regions for sample size n = 20, 50, and 100.
In order for the acceptance regions to be applicable for
any arbitrary sample size n and sample L-skewness t3, the
upper and lower bounds of the acceptance regions need to
be expressed as functions of the sample size and sample
L-skewness. We first calculate deviations of the upper and
lower bounds from the theoretical s3 * s4 curve (see
DU(t3, n) and DL(t3, n) in Fig. 11) and then express these
bound deviations as functions of the sample L-skewness
through the following regression models:
DU ðt3 ; nÞ ¼ a0 ðnÞ þ a1 ðnÞt32 þ a2 ðnÞt34 þ a3 ðnÞt36

ð24Þ

b1 ðnÞt32

ð25Þ

DL ðt3 ; nÞ ¼ b0 ðnÞ þ

þ

b2 ðnÞt34

þ

b3 ðnÞt36

Coefficients of the above equations with respect to 19
sample sizes are listed in Table 3. From the very high R2
values of the regression models, we can be assured that the
dependence of bound deviations on sample L-skewness is
well characterized by the models. However, regression

Fig. 11 Upper and lower bounds of the t3-specific 95% acceptance
regions with respect to sample size n = 20, 50, and 100. The solid
line represents the theoretical s3–s4 curve of the PE3 distribution

coefficients listed in Table 3 are specific only to a few
sample sizes we have used. In order for Eqs. 24 and 25 to
be generally applicable the following regression model is
adopted to express those coefficients (ai, bi) as functions of
the sample size n:
w1 w2
ð26Þ
y ¼ w0 þ pﬃﬃﬃ þ
n n
where n is the sample size and y represents one of the
regression coefficients in Eqs. 24 and 25. Regression
coefficients of Eq. 26 are listed in Table 4. Combination of
Eqs. 17–20 and 24–26 allows us to establish the 95%
acceptance regions of PE3 distribution with respect to any
sample size between 20 and 300 and sample L-skewness t3
not exceeding 0.5 (see Fig. 12).

5 Validation of the LMRD acceptance regions
The sample-size-dependent acceptance regions established
in the previous section are further checked for their
validity. Two types of validation, namely the t3-specific
and s3-specific validity checks, were conducted.
The t3-specific validity check began by stochastically
generating 100,000 standardized PE3 samples (l = 0,
r = 1) with c varying from 0.05 to 3 at an increment of
0.05 and an additional case of c = 0.001, making a total of
61 parameter settings. Notice that random samples for
validity check were generated from PE3 distributions with
a set of L-skewness which was different from the set of
L-skewness used for construction of (t3, t4) acceptance
regions. Sample L-skewness and L-kurtosis (t3, t4) of each
random sample were calculated and LMRD-based GOF
test was conducted using the sample-size-dependent 95%
acceptance regions established in the previous section.
Then various sets of (t3 ± 0.005) interval for t3 corresponding to selected c values were selected. For a specific
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Table 3 Regression coefficients of the empirical relationships between the bound deviations and the sample L-skewness
Sample size, n

Coefficients for the upper bound deviations (Eq. 24)

Coefficients for the lower bound deviations (Eq. 25)
b0

b1

b2

b3

R2

0.997

0.183

0.059

-0.970

0.932

0.999

0.997

0.170

0.075

-0.972

0.934

0.998

0.628

0.998

0.160

0.084

-0.956

0.918

0.998

-0.828

0.609

0.997

0.152

0.089

-0.931

0.889

0.998

-0.803

0.592

0.997

0.144

0.102

-0.947

0.907

0.998

0.190

-0.774

0.566

0.998

0.137

0.105

-0.930

0.893

0.997

0.107
0.103

0.182
0.185

-0.755
-0.768

0.564
0.584

0.998
0.997

0.131
0.126

0.112
0.107

-0.930
-0.881

0.894
0.839

0.997
0.998

36

0.100

0.177

-0.739

0.566

0.998

0.122

0.115

-0.903

0.870

0.997

38

0.097

0.168

-0.699

0.520

0.998

0.118

0.115

-0.881

0.847

0.997

40

0.094

0.170

-0.706

0.533

0.998

0.113

0.121

-0.887

0.855

0.997

50

0.083

0.158

-0.661

0.511

0.997

0.099

0.122

-0.828

0.801

0.996

60

0.075

0.143

-0.601

0.468

0.997

0.088

0.121

-0.773

0.745

0.996

80

0.065

0.130

-0.553

0.444

0.997

0.074

0.113

-0.687

0.662

0.996

100

0.058

0.114

-0.496

0.404

0.998

0.065

0.106

-0.623

0.599

0.995

150

0.047

0.094

-0.408

0.330

0.997

0.052

0.092

-0.519

0.502

0.993

200

0.041

0.079

-0.345

0.276

0.997

0.044

0.085

-0.464

0.451

0.993

250

0.037

0.071

-0.313

0.255

0.997

0.039

0.077

-0.416

0.407

0.992

300

0.033

0.066

-0.293

0.242

0.997

0.036

0.074

-0.391

0.385

0.992

a0

a1

a2

a3

R

20

0.142

0.220

-0.890

0.637

22

0.134

0.210

-0.857

0.616

24

0.127

0.206

-0.847

26

0.121

0.202

28

0.115

0.196

30

0.111

32
34

w1ﬃﬃ
Table 4 Regression coefficients of Eq. 26 y ¼ w0 þ p
þ wn2
n

y

w0

w1

w2

R

2

a0

0.0063

0.4357

0.7572

0.9999

a1

-0.0116

1.4376

-1.8223

0.9981

a2

0.0329

-6.1073

8.9445

0.9974

a3

-0.0224

5.0846

-9.6508

0.9908

b0

0.0069

0.4131

1.6575

0.9999

b1

-0.0307

2.2045

-8.0340

0.9799

b2

0.0915

-9.2997

20.3350

0.9969

b3

-0.0744

8.8092

-19.2820

0.9952

Fig. 12 95% acceptance regions of (t3, t4) for PE3 random samples
of size n = 20, 50, 100, 200, and 300. The theoretical curve
represents the s3–s4 relationship of the PE3 distribution
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sample size n, each selected (t3 ± 0.005) interval is composed of a large number, say N, of sample (t3, t4) pairs. The
rejection rate, i.e. the type I error, is then calculated as
^a ¼ Nr =N

ð27Þ

where Nr represents the number of rejected random samples within the (t3 ± 0.005) interval.
For sample-size-dependent 95% acceptance regions to
be valid the rejection rate ^a should be very close to the
level of significance (a = 0.05), or equivalently the
acceptance rate be very close to 0.95. Results of
the t3-specific validity check are shown in Fig. 13 for
sample size n = 20, 30, 40, 60, 100, and 200. The acceptance rates all fall within a very small range of [0.945,
0.955]. Such results strongly indicate the validity of the
sample-size-dependent 95% acceptance regions established
in this study, and that they can be applied to GOF test for
PE3 random samples of any sample size between 20 and
300 and sample L-skewness not exceeding 0.5.
The above validation is done with respect to sample
L-skewness t3. This is normally the case since the population L-skewness is never known. However, for complete
demonstration of its applicability, we also check the validity
of the established acceptance regions for random samples of
known population parameters (l, r, c), i.e. validation with
respect to population L-skewness s3. Again, we simulated
100,000 random samples from the PE3 distribution with
l = 149.38, r = 177.79, and s3 value corresponding to
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Fig. 13 Acceptance rates of
t3-specific validity check for
sample-size-dependent 95%
acceptance regions of sample
L-skewness and L-kurtosis pairs

each of the sixty-one selected c values. Each combination of
(l, r, c) corresponds to a specific pair of (s3, s4) since
population L-skewness and L-kurtosis only depend on the
coefficient of skewness c. For every pair of (s3, s4), GOF
test using the established acceptance regions was conducted
for a total of 100,000 random samples with sample size
n = 20, 50 and 100. Results of such s3-specific validity
check are shown in Fig. 14. All acceptance rates are within
the (0.945, 0.955) range, further confirming the validity of
the established sample-size-dependent acceptance regions.
Although the PE3 distribution was targeted for establishment of the 95% acceptance regions for L-moment-ratios
based GOF test in this study, we believe the same treatment
can be applied to establishing acceptance regions of other
three-parameter distributions such as the GEV distribution.
We end this paper by exemplifying usage of the established acceptance regions for LMRD-based GOF test of the

PE3 distribution. Suppose a random sample of size n = 33
is available and its sample L-skewness and L-kurtosis are
calculated as t3 = 0.2762 and t4 = 0.1953, respectively.
Using Eq. 26, the corresponding regression coefficients for
Eqs. 24 and 25 are calculated as a0 = 0.105091, a1 =
0.183433, a2 = -0.759199, a3 = 0.570267, b0 = 0.129039,
b1 = 0.109600, b2 = -0.911158, and b3 = 0.874783.
The upper and lower bound deviations from the theoretical
s3–s4 curve are DU = 0.114919 and DL = 0.132485 based
on Eqs. 24 and 25. Corresponding to s3 = 0.2762, we
have s4 = 0.150701 from Eq. 18. Thus, the upper and
lower bounds of the 95% acceptance region for t4
are 0.265620 (0.150701 ? 0.114919) and 0.018216
(0.150701 - 0.132485) respectively. The sample L-skewness t4 = 0.1953 falls within this acceptance region and
therefore the null hypothesis (the sample is from a PE3
distribution) is not rejected.
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Fig. 14 Acceptance rates
of s3-specific validity check
for sample-size-dependent 95%
acceptance regions of sample
L-skewness and L-kurtosis pairs

6 Summary and conclusions
In this paper we present a detailed account of a stochastic
simulation approach for establishing 95% acceptance
regions of L-moment-ratios based GOF test for the PE3
distribution. Unlike the normal and Gumbel distributions,
the LMRD of the PE3 distribution plots as a curve, and
t3-specific acceptance regions need to be established
through stochastic simulation. Properties of the sample
L-skewness and L-kurtosis estimated by the probabilityweighted-moment estimator are discussed. The samplesize-dependent 95% acceptance regions of the L-moments
based GOF tests for the PE3 distribution are further validated through a stochastic simulation process. A few concluding remarks are drawn as follows:
(1)

(2)

For Pearson type III distributions of smaller coefficient
of skewness, scattering of sample L-skewness and
L-kurtosis can be approximated by a bivariate normal
distribution. As the coefficient of skewness increases,
the bivariate normal approximation becomes less
satisfactory.
For the Pearson type III distribution, the asymptotic
biases of the sample L-skewness and L-kurtosis of the
probability-weighted-moment estimator are dependent on both the sample size and coefficient of
skewness. More specifically, sample L-skewness
tends to underestimate the population L-skewness,
although the bias is generally negligible. In contrast,
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(3)

(4)

(5)

sample L-kurtosis is positively biased for smaller
skewness and negatively biased for c [ 0.9.
PE3 random samples of the same sample L-skewness
can come from PE3 distributions of various population L-skewness. The likelihood of these population
L-skewness can be characterized by a conditional
normal density whose standard deviation is inversely
proportional to the square root of sample size.
The sample-size-dependent 95% acceptance regions
established in this study have been thoroughly
validated through a stochastic simulation process
and can be applied to GOF test for random samples of
any sample size between 20 and 300 and sample
skewness not exceeding 3.
Although the PE3 distribution was targeted for establishment of the 95% acceptance regions for L-momentratios based GOF test, the same treatment can be applied
to establishing acceptance regions of other threeparameter distributions such as the GEV distribution.
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